EQUIVARIANT i\-THEORY AND HIGHER CHOW GROUPS OF 

SMOOTH VARIETIES 



AMALENDU KRISHNA 

Abstract. For any variety X with an action of a split torus over a field, we 
establish a spectral sequence connecting the equivariant and the non-equivariant 
higher Chow groups of X. For X smooth and projective, we give an explicit 
formula relating the equivariant and the non-equivariant higher Chow groups. 
This in particular implies that the spectral sequence degenerates. These results 
also hold with rational coefficients for action of any connected and split reductive 
group. As applications to the above results, we show that for a connected linear 
algebraic group G acting on a smooth projective variety A, the forgetful map 
Kf {X) -► Ki(X) induces an isomorphism K?(X)/I G Kf(X) ^ K^X) with 
rational coefficients. This generalizes a result of Graham to higher A-theory 
of such varieties. We also prove a refinement of the equivariant Riemann-Roch 
theorem of [17] and [16] for such varieties, which leads to the generalizations of 
the main results of [7] and [9] to the equivariant higher A-theory. 



I. Introduction 

A variety in this paper will mean a reduced, connected and separated scheme of 
finite type with an ample line bundle over a field k. This base field k will be fixed 
throughout this paper. Let G be a linear algebraic group over k acting on such 
a variety X. Recall that this action on X is said to be linear if X admits a G- 
equivariant ample line bundle, a condition which is always satisfied if X is normal 
(cf. [22] Theorem 2.5] for G connected and [23] 5.7] for G general). All G-actions in 
this paper will be assumed to be linear. The equivariant higher Chow groups of X 
for a G-action were first defined by Edidin and Graham [S] , relying on the ideas of 
Totaro [27], who was the first to define the Chow ring of a classifying space. It turns 
out that these groups give rise to the correct notion of the motivic cohomology 
of quotient stacks in the sense that they satisfy all the expected properties of the 
motivic cohomology of schemes which were first defined by Bloch [3]. It should be 
pointed out here that the notion of the motivic cohomology of general Artin stacks 
is yet to constructed. 

There has been a considerable amount of work in recent times to understand 
the equivariant Chow groups and to relate them with the equivariant iC-theory. 
One of the principal questions in the study of the equivariant higher Chow groups 
is about their relation with the non-equivariant higher Chow groups of varieties. 
In particular, one would like to know if there are tools which can be used to study 
one in terms of the other. 



1991 Mathematics Subject Classification. Primary 14C40, 14C35; Secondary 14C25. 
Key words and phrases. Equivariant A-theory, Higher Chow groups, Algebraic groups. 

1 



2 



AMALENDU KRISHNA 



It often turns out that the equivariant fT-theory or the Chow groups are easier 
to understand compared to their non-equivariant companions, and hence such a 
relation would be helpful in the study of the higher fT-theory of varieties through 
the equivariant techniques. The main goal of this paper is to prove some results in 
this direction and study some important applications of these results to the higher 
fT-theory. 

For a linear algebraic group G, let R(G) denote the representation ring of R, 
which is same as the Grothendieck group K^k). Let I G denote the ideal of R(G) 
which consists of the virtual representations of G of rank zero. That is, la is the 
kernel of the rank map R(G) — > Z. For a G-variety X, let Kf{X) (resp. Gf(X)) 
denote the ith homotopy group of the fT-theory spectrum of G-equivariant vector 
bundles (resp. coherent sheaves) on X. For the linear algebraic group G as above, 
let S(G) denote the equivariant Chow ring CH G (k,0) = Q)j >0 CH G (k,0), and let 

J G denote the irrelevant ideal @ m CH j G (k, 0). Note that 5(G) = CH% (k, 0) = Z 
and there is an exact sequence of 5(G)-modules 

-> J G -> S(G) -> Z -> 0. 

For a variety X with a G-action, put 

CH G (X,i) = Q)CH G (X,i) for i > 0, 

j>0 

which is known to be an infinite sum in general. It is known [T7] that there is 
an action of CH G (k,0) on CH G (X,i) and this makes the latter a graded 5(G)- 
module. Moreover, any G-equivariant map / : X — > Y induces an 5(G)-linear 
pull-back map on the equivariant higher Chow groups if Y is smooth, and an 5(G)- 
linear push-forward map if / is proper (cf. [3, 5.8], [UJ 2.1]). There is a natural 
forgetful map CH G (X,i) — > CH*(X,i) (see below) from the equivariant to the 
non-equivariant higher Chow groups. Similarly, forgetting the group structure on 
the vector bundles or coherent sheaves gives natural forgetful maps K G (X) — ■> 
K(X) and G (X) —>■ G(X) between spectra. We finally recall that a connected 
linear algebraic group G over the field k is said to be split, if it has a split maximal 
torus over k. We now state our results. 

Theorem 1.1. Let G be a split torus acting on a (possibly singular) variety X. 
Then there is a convergent spectral sequence 

(1.1) El q = Torf G ) (Z, CH G (X, q)) CH* (X,p + q) 

such that the edge homomorphisms CH G (X,i) (8>s(g)Z — > CH* (X,i) are induced 
by the forgetful map CH G (X,i) — ► CH G (X,i) . If G is any connected and split 
reductive group, then such a spectral sequence exists with rational coefficients. 

For the equivariant i^-theory, a similar spectral sequence was found by Merkur- 
jev (cf. [19, Theorem 10]) for those split reductive groups whose commutator 
subgroups are simply connected. The following result, which was proved by Brion 
(cf. [U Corollary 2.3]) for the split torus action, is immediate from Theorem ll.il 
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Corollary 1.2 (Br ion). For a split torus G acting on a variety X, there is a 
natural isomorphism 

CH* G (X,0) ® S(G) Z^CH* (X,0). 

This map is an isomorphism with rational coefficients for actions of all connected 
and split reductive groups. 

Our next theorem is the most complete result for the torus action on smooth 
projective varieties as it gives an explicit presentation of the equivariant higher 
Chow groups (with integral coefficients) in terms of the non-equivariant higher 
Chow groups. The equivariant Chow groups at level zero, that is, CH G (X, 0) for 
the torus action have been studied in detail by Brion j3] before. But his results 
and the techniques used to prove them work only with the rational coefficients and 
they can not be generalized if one wants to study the torsion in the equivariant 
Chow groups. 

Theorem 1.3. If G is a split torus acting on a smooth projective variety X , then 
for every i > 0, there is a canonical isomorphism 

(1.2) CH* (X, i) ® Z S(G) ^ CH* G (X, i) . 

In particular, the spectral sequence \l.l\ degenerates. If G is an y co nnected and split 
reductive group acting on a smooth projective variety X , then \l.l\ degenerates with 
rational coefficients. 

The following generalization of [H Theorem 3.2] to the equivariant higher Chow 
groups is immediate from Theorem II . 31 

Corollary 1.4. Let G be split torus acting on a smooth projective variety X. Then 
for every i >0, the S (G) ^-module CH G (X,i) Q is free. 

We now give some ver y im portant applications of the above results. As the first 
consequence of Theorem II .31 we prove the following generalization of the results of 
Merkurjev [TjJJ Corollary 10] and Graham [TTI Theorem 1.1] to the higher X-theory 
of smooth projective varieties. 

Theorem 1.5. Let G be a connected and reductive group acting on a smooth 
projective variety X. Then for all i > 0, the forgetful map Kf(X) — > K^(X) 
induces an isomorphism 

(1.3) Kf{X)/I G Kf{X)^K i {X) 

with rational coefficients. In particular, the natural map Kf(X)^ — » Ki(X)^ is 
surjective. In characteristic zero, the isomorphism of \1.3\ holds for any connected 
linear algebraic group. 

Graham had proved this result for the K of any variety with an action of a 
connected reductive group, while Merkurjev proved this at the level of K Q (with 
integral coefficients) for those groups whose commutator subgroups are simply 
connected. We also point out that although Merkurjev's result holds with the 
integral coefficients, it is in general unavoidable to tensor the X-groups with Q to 
prove the surjectivity of the forgetful map (cf. [HI Example 4.1]). 
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As the second application of Theorem 11.31 we prove the following generalization 
of the equivariant Riemann-Roch theorem of Edidin and Graham (cf. [7, Theo- 
rem 4.1]) to the higher fT-theory. This also gives a refinement of the more general 
equivariant Riemann-Roch theorems of [TTJ for the smooth projective varieties. 

For a smooth variety X with G-action, let Kf(X) denote the completion of the 
i?(G)-module Kf(X) with respect to the augmentation ideal of R{G). 

Theorem 1.6. Let G be a connected and reductive group acting on a smooth 
projective variety X. Then for every i > 0, the Riemann-Roch map (cf. [T71 
Theorem 8.5]) 

oo 

9^:Kf{X) Q -J] CH G (X,i) Q 

3=0 

is an isomorphism. In characteristic zero, this isomorphism holds for any con- 
nected linear algebraic group. 

The equivariant if-theory of topological bundles on a locally compact space 
with an action of a Lie group G was developed by Segal in [21] and it has played 
many crucial roles in the latter works of Atiyah and others. In an important work 
in this direction, Atiyah and Segal (cf. [U Theorem 2.1]) showed under certain 
finiteness condition that if a compact Lie group G acts on a compact space X, 
then the completion of the equivariant topological fT-theory of X with respect 
to the augmentation ideal of the representation ring R(G) is isomorphic to the 

G 

topological i^-theory of the quotient space X G = X x EG. This latter term 

G 

is same as the inverse limit of K ° V {X x E n G), where {E n G} is any sequence 
of finite dimensional approximations of the contractible G-space EG such that 
EG/G = BG is the classifying space of G. The following corollary proves the 
result of Atiyah and Segal for the algebraic fT-theory. Before we state it, recall 
(cf. [271 Section 3]) that the topological algebraic fT-groups of X are defined as 

(1.4) K t ^{X G )=\wK*(xxuY 

where the inverse limit is taken over representations V of G such that (V, U) form 
good pairs (cf. Section 2 below). 

Corollary 1.7. Let G be a connected reductive group acting on a smooth projective 
variety X over a field k. Then for every i > 0, there is a map Kf(X) — > Kl° p (X G ) 
which induces an isomorphism 

(1.5) Kf{X) ^ Kl op (X G ) 

with rational coefficients. 

A special case of the corollary when X = Spec(fc) and i = 0, was proved by 
Totaro (cf. Theorem 3.1]). Theorem 1 1 . 6 1 and Corollary 1 1.71 in a sense show that 
for a smooth projective variety, the completion of the equivariant rational algebraic 
fT-theory with respect to the augmentation ideal of R(G) can be described in terms 
of the motivic cohomology. We shall discuss the issue of a similar description of 
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the equivariant i-T-theory with finite coefficients towards the end of this paper. 
As it turns out, this is possible only for those Kf(X) for which % is large as one 
would expect following the Quillen-Lichtenbaum conjecture in the non-equivariant 
.fT-theory. 

Before we state our final application, we recall from [23] (see also [16]) that 
if G is a connected and split linear algebraic group with a split maximal torus 

T = Dk(N), then there is an isomorphism of Z[iV] ^ R(T). Moreover, every 
maximal ideal m of Rq(T) = R(T)<g>zQ corresponds to a unique diagonalizable 
closed subgroup T m = L>Q(N/N m ) of Dq(N) where N m is the kernel of the natural 
map of abelian groups 

N (i?(T)/m)* given by n i— > [n] mod m. 

T m is called the support of m. Note that T m is connected if and only if the image 
of has no torsion. Then S = T m ®zk is a diagonalizable subgroup of T. Let 
Z = Zg(S) denote the centralizer of S in G. 

It is shown in [TBI Proposition 2.1] that the natural map R(G) — > R(T) is finite 
and injective. In particular, every maximal ideal m of R(G) is the restriction of 
a (not necessarily unique) maximal ideal of m of R{T). If G acts on a smooth 
variety X, we denote the completion of the -R(G)-module Kf(X) with respect to 

the maximal ideal m by Kf(X) m . 

Theorem 1.8. Let G be a connected group acting on a smooth projective variety 
X over an algebraically closed field k of characteristic zero. Let m be a maximal 
ideal of Rq(G) and assume that the support T„ is a subtorus of the maximal torus 
T of G. Let L = Rq(T)/m be the residue field of m and let f : X m * X denote 
the inclusion of the fixed locus for the action of on X. Then for every i > 0, 
there is a Chern character map 

oo 
3=0 

which is an isomorphism. If the coefficient L is replaced by k, then this isomor- 
phism holds for all maximal ideals of R k {G). 

This result was proved for i = by Edidin and Graham (cf. [91 Theorem 5.5]) 
when k is the field of complex numbers and all the -ft"-groups, Chow groups and the 
representation rings are considered with the complex coefficients. The above result 
also improves the analogous twisted Riemann-Roch theorem in [T6l Theorem 1.2] 
for smooth projective varieties. 

We now briefly describe the contents of the various sections of this paper. Our 
construction of the spectral sequence of Theorem II .11 is based on Levine's (cf. |18j ) 
generalization of Quillen's localization sequence in i^-theory. In the next section, 
we briefly recall Levine's construction and adapt this in our context to partially 
obtain the desired spectral sequence. In Section 3, we suita bly identify the terms 
of this spectral sequence to complete the proof of Theorem 11.11 In Section 4, we 
use the decomposition theorem of Bialynicki-Birula and its various improvements 
to give an integral presentation of the equivariant higher Chow groups of smooth 
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projective varieties with torus action. In Section 5, we combine Theorem 11.31 with 
the Riemann-Roch theorem of \17\ to prove Theorems 11.51 11.61 and ll.8[ The last 
section is mostly independent of the rest of the paper, where we give a brief account 
of the Riemann-Roch theorem for the equivariant K-theory with finite coefficients. 
In particular, we give a proof of the equivariant version of the Quillen-Lichtenbaum 
conjecture. 

2. Spectral Sequence For Equivariant Higher Chow Groups 

Our main tool for proving Theorem 11.11 is Levine's (cf. |fl8l Section 1]) general- 
ization of Quillen's localization sequence in X-theory. We adapt the methods of 
Levine in our context and then prove our result by suitably identifying the terms 
of the resulting spectral sequence. We begin by very briefly recalling the terms and 
definitions used by Levine (loc. cit.) which will be useful to us in what follows. 

We recall that the n-cube < n > is the category of subsets (including the empty 
set) of {1, • • • , n} with maps being inclusions of subsets. An n-cube X* in a 
category C is a covariant functor X :< n >^ C. For any / G< n >, we denote 
X(I) usually by Xj. We shall be dealing with < n >-cubes in the category S of 
simplicial abelian groups in what follows. For any such < n >-cube X*, Levine 
defines an object fibX* in S which is functorial in cubes and such that for n — 1, 
it is the homotopy fiber of the obvious map X$ —>■ Xsn. For any n, this is defined 
inductively by taking the homotopy fiber of the natural map fibX*/„ — > fibXon 
of the fibers of < n — 1 >-cubes. For any such < n >-cube X*, Levine derives a 
convergent spectral sequence 

(2.1) E(X*) : E l m = 07^) n q _ p (fibX,) , 

\i\= P 

where the E^-differential is the alternating sum of the maps induced by 

Xiauj '■ Xj — > Xi U j, j f. I. 

In particular, one has 

(2-2) < g ( e/ ) = E (-l) j ^ q (X ICIUi .)(ej). 

y,H l<ti<-<i„<n J 

Let G be a split torus of rank r and let {xi, • • • ,Xr} be a chosen basis of 
the character group G*. We define an action of G on A r by t.x = y, where 
Hi = Xi{t)xi for 1 < i < r. Let Hi be the coordinate hyperplane in A r given by 
(xi = 0) for 1 < i < r. Then each Hi is a G-invariant closed subscheme of A r and 

G = A r - U H { . For any subset I C {1, • • • , r} =< r >, let 

f f\Hi if/^<r> 
Hi = < W 

{ A r if / =< r > . 

r 

For / C J, we have the natural inclusion Hi C Hj and H$ = D Hi. From this, we 
see that for a G- variety X, the assignment /hXx Hj gives an < r >-cube X* 
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in the category of G-invariant closed subschemes of X x A r for the diagonal action 
of G on the product. Let 77 denote the dimension of Hj. 

We want to consider the < r >-cubes of cycle complexes in S which compute 
the equivariant higher Chow groups. For this, we recall the construction of the 
equivariant higher Chow groups from [8] (see also [T7J Section 2]). For a fixed 
j > 0, let V be a representation of G and let U C V be a G-invariant open subset 
such that G acts freely on U, the quotient U/G is a smooth quasi-projective variety 
and the complement V — U has codimension bigger than j. Such a pair (V, U) is 
called a good pair for the G-action corresponding to j. It is known that the good 

G 

pairs always exist [27]. Let Xq denote the mixed quotient X x U. Then Xq is a 
quasi-projective variety (cf. [8, Proposition 23], [TTJ Lemma 2.1]) and is smooth if 
X is so. The equivariant higher Chow group CH 3 G (X, i) is defined as the homology 
group Hi (Z [X G , ■)) for i > 0, where 2 (Xq, ■) is the Bloch's cycle complex of the 
variety Xq [3J. The groups CH G (X,i) are independent of the choice of a good 
pair (V, U). For every j > 0, we choose a good pair (Vj,Uj) for the G-action 
corresponding to j + r and consider the < r >-cube in 5 given by 



Zf = Z j+ri UX x flj) x f/„ J 



It is easy to check that the push-forward map of the cycles complexes corresponding 
to the closed immersion Hj C i/j makes an < r >-cube in S. We let 2* denote 

the < r >-cube Z* = ]J^ 0) - 

i>o 

Lemma 2.1. There is a natural isomorphism 

fibZ* ^ JJ^' +r |(I x G) x • J [- r ]. 

i>o ^ ^ 

in t/ie derived category D + (Ab) of bounded below chain complexes of abelian groups. 

Proof. We prove this by induction on the length r = | < r > | of cubes. For r = 1, 
this follows from the fact that G = G m = A 1 — {0} and the fibration sequence (cf. 
[3J Theorem 3.3]) 

Z j UX x {0}) x Uj, -> f(I x A 1 ) x t/j, -J -> UX x G m ) x C/,-, 

In general, we assume that r > 2 and the lemma holds for n < r — 1. In the above 
notations, we have 

fibZ^ = homfiber (tibzfy -»■ fib^i§ r ) • 

Moreover, by Levine's construction (loc. cit.), 2^ is same as the the functor Z* 
applied to H r with closed subschemes {H r n Hi, - ■ ■ ,H r n H r _i\ and hence by 
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(2.3) fibZ$ = Z^- 1 ffxx (H r - r \J H r n iZ,) J S -J [-r + 1] 

in D + (Ab). On the other hand, Z*^ r is same as the functor Z^ applied to the 
< r — 1 >-cube of closed subschemes of A r given by 

X(I) = n Hi for I C {!,■■■ ,r- 1}. 

l<Z<r-l 

Hence we apply the induction to get 

(2.4) fibzg r = #>' +r (Yx x (A r - U* if,)) S ^, •) [-r + 1]. 
The lemma now follows from 12.31 12.41 and the fibration sequence 

z 3+r - 1 (^x x (# r - ^G 1 i2" r n HiYj x IT,-, -J -> Z J+r ^X x (A r - uj i2",)J x c/ i5 

^ ,+r ((^(A r - IJ if,)) x^.j 

and the fact that A r - U if, = G. □ 

i=i 

Using Lem ma I2TT1 and taking the homotopy groups of Zi and fibi?*, the spectral 
sequence 12.11 in our case becomes 

(2.5) E\ A = CH G (XxH I ,q)^CH G {XxG,p + q). 

\I\=r—p 

3. Proof Of Theorem 11.11 

Before we pro ve T heorem 11.11 we need to identify the E l differential of the 
spectral sequence 12.51 We begin with an elementary moving lemma for the higher 
Chow groups on singular varieties. 

Lemma 3.1. Let X be a (possibly singular) closed subvariety of a smooth variety 
M. Let Z c — >• M be a closed subscheme which is a Cartier divisor. Assume that Z 
intersects X properly and let W = Z fl X . Let Z w (X, ■) be the subcomplex of the 

cycle complex Z(X,-) of X , generated by the irreducible cycles on X x A* which 
intersect W properly (cf. [3\). Then the inclusion map Zw (X, ■) —> Z (X, •) is a 
quasi-isomorphism. 

Proof. Let U ^ M be the complement of X in M and let V = ZnU. Let Z z (M, ■) 
be the subcomplex of Z (M, •) generated by the irreducible cycles onMxA' which 
intersect Z properly. We similarly define Zy (U, ■). Since Z and W are the Cartier 
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divisors on M and X respectively, it is clear that Zw (X, ■) = Zz (M, -)C\Z (X, •). 
Thus we have the following commutative diagram of exact sequences 

> Z w (X, •) > Z z (M, •) ► Z z (M, -)/Z w (X, •) > 



> Z (X, •) ► Z (M, •) ► Z (M, -)/Z (X, •) > 

It suffices to show that the middle and the right vertical arrows in the above 
diagram are quasi-isomorphisms. The middle one is a quasi-isomorphism by [3j 
Lemma 4.2]. The maps Z (M, ■)/ Z (X, •) — > Z (U, •) <— Zy (U, •) are also quasi- 
isomorphisms by 0, Theorem 3.3, Lemma 4.2]. Thus we only need to show that 

the natural map Zz (M, -)/Zw (X ■) Zy (U, ■) is a quasi-isomorphism in or- 
der to prove that the right (and hence the left) vertical arrow above is a quasi- 
isomorphism. 

This follows essentially from the argument as in the proof of the quasi-isomorphism 
Z (M, -)/Z (X, •) -»• Z (U, •) in [3, Theorem 3.3]. We give the brief sketch. Embed 
M as a locally closed subscheme of F N for X ^> and consider the exact sequence 

- 2(m,x),z (P", ■) - Zu,z (W N , •) © [Z z (M, -)/Z w (X, ■)] ^ 2 y (U, ■) . 

The map Z(m,x),z , •) — > -2^f7,z (P^, •) is a quasi-isomorphism by [loc. tit., 
Corollary 2.5 and Lemma 4.2]. So we only need to show that given n, there exists 
N(n) such that X > N(n) implies that a n is surjective. But this follows from 
the proof of Lemma 3.5 of loc. tit., whose argument works even if one puts a 
proper intersection condition with a given finite collection of locally closed subsets 
of M. □ 

Corollary 3.2. Let G be a linear algebraic group acting on a variety X. Let 

v f 
E — » X be a G-equivariant line bundle on X and let X — > E be the zero-section 

embedding. Then there exists a pull-back map CH* G (E, •) ^ CH* G (X, •) such that 
f* op* = id and f* o /„ is the action of cf(E) on CH G (X, •). 

Proof. By choosing a good pair (V, U) for the G-action and considering the appro- 
priate mixed quotients, we are reduced to proving the non-equivariant version of 
the corollary. 

By [TP1 Lemma 18.2], there is a closed embedding X ■=— > M such that M is a 
smooth variety and there is a line bundle Em — * M which restricts to the line 
bundle E on X. In particular, the zero-section embedding of M in Em r estri cts 
to the zero-section embedding / as above. Hence we can apply Lemma 13.11 to 
conclude that the map Zx (E, •) — > Z (E, ■) is a quasi-isomorphism. On the other 

hand, there is a natural map Zx (E, •) — > Z (X, •) given by intersecting any cycle 
with X. From this, it is clear that the induced map f*op* on CH* (X, •) is identity. 
Moreover, since X is a Cartier divisor on E and since /* is defined by intersection 
with X, one has /* o /* = C\{L), where L is the line bundle on E defined by the 
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zero-section. In particular, we have for any x G CH* (X, •), 

= r°f*(r°P'(x)) 

= f*( Cl (L).p*(x)) 

= f*{ci(L)).(f*op*(x)) 

= Cl (f*(L)).x 

= ci (N X /e) ■ x 
= d(E)-x. 

□ 

We now identify the E 1 differential of the spectral sequence 12.51 using 12.11 and 
Corollary 13.21 For a fixed / C< r > with |/| = r —p — 1 and j I, let J = IU {j}. 
Then we can identify Hj as Hi x A 1 , where the action of G on this product is 
induced by the action of G on A r as described above. Identifying CHq (X x Hi, i) 
and CHq (X x Hj, i) with CHq (X, i) by the homotopy invariance, the differential 
of 12.11 is given by the composite 

CH G (X, i) ^ CH G (X x A 1 , i) ^ CH G (X, i) , 

where i is the zero-section embedding. Hence by Corollary 13.21 this map is given 
the action of cf(N), where X is the equivariant normal bundle of the origin in 
the one dimensional representation A 1 . On the other hand, if \ is the generator 
of G m with corresponding line bundle L x , then the class of \ in K^k) is given by 
X — 1 and hence cf (X) = cf (x — 1) = L x . We now conclude from this and the 
description of the differential in 12.11 that 

<«■■ CH G (X,i) ei ^ ®CH G (X,i)ej 

\I\=r— p— 1 \J\=r— p 

is of the form 

(3.1) d\ q (xei) = S (-1)' (L XH x) e/uip 

where {io, ■ ■ ■ ,i p } = I c =< r > —I. 

We need the following lemma to complete the proof of Theorem 11.11 Let 
S = S(G) denote the ring CH G (k,0). One knows that this is isomorphic to 
the polynomial ring Z[t 1; • • • ,t r ], where t t is the cycle class of the line bundle L xr 

Let K, —<S> K, (^S ^> S^j denote the Koszul resolution of S/ Jq- 
Lemma 3.3. There is a canonical isomorphism of complexes of S -modules 

El q ^K.® s CH G (X,q), 



where E\ q is the spectral sequence \2.5[ 
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Proof. The terms of K, are given by K p = ® Se^ ■ ■ -e; p , which is a free 

l<ii<—<ip<r 

S'-module of rank ^r^j with basis {// = ^...^Jl < %\ < ■ ■ -i p < r} for 1 < p < r 
and K = S. The differentials of this complex are given by 

for 1 < p < r and d{e{) = t\ for p = 1. Comparing this with 13. 1[ it is now easy to 
see that the map : E\ — > K,® s CHq (X, q) given by 

(xe/) = x//c 

gives the desired isomorphism of complexes. □ 

Proof of Theorem ll.lt Since K, is a free S'-module resolution of Z = S/ Jq, 
it follows immediately from Lemma 13.31 that i? 2 -terms of the spectral sequence 
of the theorem have the desired form. To show that this sequence converges to 
CH* (X, p + q), it suffices to identify this with the limit of the spectral sequence 12.51 
But this follows directly from [TT1 Corollary 3.2, Remark 3.4]. This proves the 
theorem for the torus action. 

To obtain the spectral sequence for a connected and split reductive group G 
with rational coefficients, we fix a split maximal torus T of G. Let W be the Weyl 

group. Then one has S{G) = S(T) W by [8j Proposition 6] and hence S(G) is a 
polynomial algebra by [5], and S(T) is finite over S(G) by [T71 Lemma 4.7]. We 
conclude from [131 Chapter III, Exercise 10.9] that S(T) must be flat (in fact free) 
over S(G). 

Let C, -» CHq (X, q) be a free S'(G)-module resolution of CHq (X, q). Then we 
can apply [T71 Theorem 3.8] to conclude that C,<S>s(G)S(T) is a free S'(T)-module 
resolution of CH^ (X, q). This in turn implies that 

(3.2) Torf G ) (Q, CH* G (X, q)) ^ Tor^ (Q, CH* (X, q)) 

for all p, q > 0. This completes the proof of the theorem. □ 



4. Torus Action On Smooth Projective Varieties 

Our aim in this section is to study the equivariant higher Chow groups for the 
action of a split torus on smooth projective varieties, and to prove Theorem 11.31 
Our main tool in this case is the the stratification theorem of Bialynicki-Birula [2] 
over algebraically closed fields and its improvement by Hesselink [H] to any base 

field. Since this theorem will be crucial for us in what follows and since this has 
been used in the literature in various forms, we state the result below in the form 
which will be most suitable to us (cf. [28, Theorem 5.15]). 

Theorem 4.1 (Bialynicki-Birula, Hesselink). Let G be a split torus acting on a 

smooth projective variety X over a field k. Then 

(i) The fixed point locus X G is a smooth, closed subscheme of X. 
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n 

(ii) There is a numbering X G = TJ Zj of the connected components of the fixed 

3=0 

point locus, a filtration of X by G-invariant closed subschemes 

= X-i C X C • • • C X n = X 

and maps <pj : Xj — Xj~i — > Zj for < j < n which are all G-equivariant vector 
bundles. 

We prove the following result using the above stratification theorem together 
with the ideas of 



Theorem 4.2. Let G and X be as in Theorem \1.3\ and let Zj 's be the connected 
components of X G as in Theorem\4-l\ Then for every i > 0, there are canonical 



isomorphisms 

n 

($CH G (Zj,i)^CH* G (X,i) 

3=0 
n 

($CH*{Zj,i)^CH* (X,i). 

3=0 

Proof. We prove the first part of the theorem. The proof of the second part is same 

(and easier). We prove it by induction on n. For n = 0, the map X = X -A Z is 
an equivariant vector bundle and hence the theorem follows from the equivariant 
version of the homotopy invariance (cf. [23l Theorem 1.7]). We now assume by 
induction that 

n-1 

(4.1) CH G {Zj, i) ^ CH* G (Jf B _ lf i) . 

3=0 

Let z n _i : X n _i <— » X n and j n : U n = X n — X n _i X n be the G-equivariant 
closed and open embeddings. We consider the localization exact sequence (cf. [T7J 
Proposition 2.1]). 

>CH* G (X n _ x , i) CH* G (X n , i) ^ CH* G (U n , i) - • • • . 

Using 14.11 it suffices now to construct a canonical splitting of the flat pull-back j* 
in order to prove the theorem. 

Let V n C U n x Z n be the graph of the projection U n — ^ Z n . Then V n is a 
G-invariant closed subset of U n x Z n for the diagonal action of G. Let Y n denote 
the closure of V n in X n x Z n . It is then easy to see that Y n is a G-invariant closed 

subscheme of X n x Z n . Let V n <A Y n denote the open embedding. We consider 
the composite maps 

Vn '■ Vn c— > U n x Z n — > C/ n , 5 n : e — » U n x Z* n — > Z n and 
■ c— ^ x Z n — ► X n , g n : Y„ X n x ^ n — *■ 
Note that p n and g n are G-equivariant projective maps (since X n and Z n are 
projective), g n is smooth and p n is an isomorphism. 
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(4.2) 



CH* G (Z n ,i) 



CH* G {U n ,i) 



CH* G (Y n ,i) 



CH* G (X n ,i) 



where 0* is an isomorphism by the homotopy invariance. We also observe that 
the map q* n exists since Z n is smooth (cf. [TFl Proposition 2.1]). It suffices to show 
that this diagram commutes. For, the map p n>ti og* o<^* _1 will then give the desired 
splitting of the map j*. 

We now consider the following commutative diagram. 



X n < U n 




Vn f- 




<In 




u„ 



Since the top left square is Cartesian and j n is flat, we have j* o p n , = p nie o j n . 
Now using the fact that (<p n ,id) is an isomorphism, we get 

Jn ° Pn* °Tn = Pn* °Tn°Tn = Pn* ° Q n 

= Pn* O (<f) n , id), O (0 n , id)* O q* = id* O <f)* n 



This proves the commutativity of 14.21 and hence the theorem. 



□ 



Remark 4.3. We point out here that in the proof above, we never used the smooth- 
ness property of the various strata of X. We only needed Z^s to be smooth. 

We need the following result before we give the proof of Theorem 11.31 

Lemma 4.4. Let G be a split torus acting on a variety X trivially. Then there is 
a natural isomorphism 

CH* (X, i) ® Z S(G) ^ CH* G (X, i) . 
Proof. It suffices to show that for a fixed j > 0, there is a natural isomorphism 
(4.3) CH p (X, i) ®zCH q G (k, 0) -> CH G (X, i) 

p+q=j 

is an isomorphism. We choose a good pair (V, U) for the G-action corresponding 
to j as in [8], Example 3.1]. Thus U is a finite product of the punctured affine 
spaces and hence U/G = (P n ) r , where r is the rank of G. Since G acts trivially on 
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X, we have X G = X x (U/G) = X x (P n ) r . Using the projective bundle formula 
for the higher Chow groups, we get the isomorphism 

CH P (X, i) ® Z CH« ((P") r , 0) ^ CH j (X G , i) . 

p+q=j 

But the term on the l eft and the right side of the map here are same as the 
corresponding terms in 14.31 This proves the lemma. □ 

Proof of Theorem II. 3t Since G acts trivially on each Zj, the equivariant part 
of Theorem 14.21 and Lemma 14.41 give us isomorphisms 

' n \ n 

CH* {Z h i) ®zS(G) (CH* (Zj, i) ®%S(G)) 

. 3=0 J 3=0 

n 

^0 CH* G {Zj,i)^CH* G {X,i). 

3=0 

But the top left term is same as CH* (X,i) ® %S(G ) by the non-equivariant part 
of Theorem 14.21 This gives the isomor phis m of 11.21 

To prove that the spectral sequence ll.il degenerates, it suffices to show that for 
every i > 0, 

(4.4) To^> (Z, CH h (X, ,•)) = { f ^ ! > 2^ 

But this follows directly from 11.21 and the fact that any free resolution C. — ► 
CH* (X, i) as Z-module remains a free resolution after base changing to S(G) as 
the latter is a polynomial Z-algebra. 

For a connected and split reductive group, 14.41 and hence the degener atio n of 
the spectral sequence follows from the torus case and the isomorphism in 13.21 □ 



5. Forgetful Map In X-Theory And Riemann-Roch 

In this section, we use Theorem 11.31 and the Riemann-Roch theorem of [17] to 
prove Theorems 11.51 and 11.61 In this section, we will make the convention that an 
abelian group A will actually mean the group A® Z Q. 

We begin with the following result. For a linear algebraic group G, let Iq C R(G) 
denote the ideal of virtual representations of G of rank zero. That is, I G is the 

kernel of the rank map R(G) — ► Q. Let R(G) denote the Jc-adic completion of 
the ring R(G). Similarly, we denote the J^-adic completion of the ring S(G) by 

S(G). One of the consequences of the Riemann-Roch theorem of [7J is that there 
is a ring isomorphism 

(5.1) c/tfc : R[G) S{G). 

For a linear algebraic group G acting on a smooth variety X, let Kf(X) denote 
the Jc-adic completion of the i?(G)-module Kf(X), and let CH G (X,i) denote 
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the Jc-adic completion of the 5'(G r )-module CH G (X,i). We define the R(G)- 

module Kf(X) to be the group Kf(X)® R{G) R(G). We similarly define the S(G)- 

module CH^{X,i) to be the group CH G (X,i)® S{G) S(G). We recall from [13 
Theorem 1.2] that there is a functorial Chern character map 

(5.2) ch x :K G (X)^CH^(x,i). 

H 

We also recall that for a closed subgroup H C G, the natural map X x U — > 

G 

X x U is smooth for any good pair (V, U) for the G-action. This defines a natural 

S G 

restriction map CH G (X,i) — — ► CH* H (X,i). Since a G-equivariant vector bundle 
(or a coherent sheaf) on X is also an i7-equivariant vector bundle (or a coherent 

sheaf), there is a natural restriction map of spectra K G (X) — ^ K H (X). 

Lemma 5.1. Let G be a linear algebraic group acting on a smooth variety X and 
let H C G be a closed subgroup. Then the diagram 

ch° -~ 
K?{X)^CH* G {X,i) 

1 H b H 

K?{X)—^CH^{X,i) 

commutes, where r°T and sfj are the natural restriction maps on the equivariant 
K- groups and higher Chow groups. 

Proof. By pH Corollary 4.3], the map CH*^X,i) -^f[ CH G {X,i) is injective. 

j=0 

Hence we can replace the former by the latter group in the above diagram. Now 
it suffices to check that for any a G Kf(X) and any j > 0, the j-th components 

oo 

of s^r ° chx(a) and ch x o r^(a) are same in the product Y[ GH 3 H (X,i). So we 

j=o 

fix j > and choose a good pair {V, U) for the G- action corresponding to n ^> j. 
Then (V, U) is a good pair for the if-action as well. From the construction of the 
equivariant Chern character map (cf. [TF1 Proposition 7.1]), it suffices now to show 
that the diagram 

K?{X) > Ki(X G ) > CH* (X G , i) 



K t H (X) > Ki(X H ) > CH* {X H , i) 
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commutes. But left square clearly commutes, and the right square commutes by 
the contravariance property of the non-equivariant Chern character for the maps 
between smooth varieties. □ 



Now we proceed with the proof of Theorem 11.51 Let G be a linear algebraic 
group acting on a smooth projective variety X. Applying Lemma \5. II for H = {1} 
and noting that the forgetful maps have factorizations 



Kf{X) - K?(X)® R(G) Q - Ki(X), 



CH* G (X, i) -> CH* G (X, % 



J S(G) 



CH* (X, i) 



we get a diagram 
(5.3) 



K?{X) 



cli\ 



CH* G (X,i) 



K?{xy 



CH* G (X,i) 



*S(G) 



Ki{X) 



ch x 



CH* (X,i). 



Next we apply [T71 Theorem 1.2] to see that the map ch x factors as the map 



(5.4) 



Kf{X)^K?{X)^CH G {X,i 



where the map ch x is an isomorphism of -R(G)-modules via the isomorphism of 15.21 

In particular, ch x and hence ch x takes IcKf(X) to JcCH G (X,i). This shows 
that the top horizontal map in 15.31 descends to a map 



Kf{xy 



<-ll 5 



)R(G) 



CH* G (X,i) 



"8(G) 



such that the above diagram commutes. 

— g ~ g 

We claim that ch x is an isomorphism. For this, we first note that ch x is an 

isomorphism of -R(G)-modules by [17, Theorem 1.2]. The claim now follows by 

tensoring both sides of ch x with R(G)/I G R{G) = S{G)/J G S{G) = Q and then 
using the isomorphisms 

K?(*)®j*g)Q ^ Kf{X)® R{G) (R(G)/I G ) ^ Kf{X)® m (mG)/I G BiG)) . 

Next we observe from 14.41 (see the proof of Theorem 11.31 in the general split 
algebraic group case) and the isomorphism 



(5.5) 



CH* G {X,i) ® s{G) Q^CH* G (X,i) 



J S(G) 
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that the map s x in the diagram 15.31 is an isomorphism. The bottom horizontal 
map chx is an isomorphism by the non-equivariant Riemann-Roch theorem (cf. 
[3j Theorem 9.1]). We conclude that the map r x is also an isomorphism. In 
particular, the fo rgetf ul map Kf(X) — ► Ki(X) is surjective. This completes the 
proof of Theorem 11.51 

If G is connected reductive but not necessarily split, note that [T71 Theorem 1.2] 
is still true and hence all the argument above (except the isomorphism of s x ) still 

goes through. In particular, ch x and chx in 15.31 are isomorphisms. Hence by 15. 5[ 
we only need to show that the map s x is an isomorphism even in this case, i.e, 

By P, Expose XXII, Corollaire 2.4], there is a finite Galois extension l/k with 
Galois group Y such that Gi is a split reductive group. Let CH G (X h i) denote the 
equivariant higher Chow groups of Xi for the action of Gi. It then follows from [T71 
Lemma 4.4 and Remark 4.5] that V acts on CHq (Xi, i) and CH G (X, i) is its Galois 
invariant. The same holds for CH*(X,i). Let tr : CH G (X h i) -> CH* G {X,i) 
denote the trace map 

tr(x) = - — - S 7(x). 
T her 



Let J G CH G (X, i) denote the image of J Gl CH G (X h i) 
we have a commutative diagram 



under the trace map. Then 



(5.7) 



>J G CH G {X,i) 



CH* G (X,i) 



CH*(X,i) 



-+0 



> J Gl CH G (X h i) > CH* G (X h i) ► CH\X h i) ► 

tr 



J G CH* G (X, if > CH* G (X, i) > CH*(X, i). 

The composite vertical maps in the middle and the right columns are identity by 
the definition of the trace map. Hence the composite left vertical map is also 
identity. The middle row is exact since G\ is split. A s imple diagram chase now 
shows that the top row must also be exact, showing 15.61 

If the characteristic of k is zero, every connected group has a Levi decomposition 
and then the problem is reduced to the case of reductive group by [T71 Proposi- 
tion 3.4]. Note here that Proposition 3.4 of [T7j is shown for the equivariant Chow 
groups. But the same proof also works for the K-groups. □ 

Proof of Theorem II. 6t By [TTJ Corollary 1.3], the Riemann-Roch map has 
a factorization 

kJ{X) - CH^iX, i) ->j] CH G (X, i) 

3=0 



tr 
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and the first map is an isomorphism. Hence we only need to show that the second 
map is also an isomorphism. By [T7J Proposition 5.1], we only need to show 
that CHq (X, i) is generated as S , (G)-module by a set (possibly infinite) S of 
homogeneous elements of a bounded degree. But we have shown in 15.61 that the 
map 

CH G (X, i)/J G CH* G (X, i) - CH* (X, i) 

is an isomorphism. Since the latter is a graded module of a bounded degree, say 
d, the above isomorphism implies that 

CH* G (X, i) c CH G (X, i)< d + J G (CH G (X, i)< d ) c S(G) (CH G (X, i)J . 

This completes the proof of Theorem 11.61 when G is reductive. In char acteristic 
zero, the same remark as in the last part of the proof of Theorem 11.51 works to 
reduce to the case of reductive groups. □ 

Proof of Corollary II. 7\ We first note that if (V, U) is a good pair for the 

G 

G-action on X, then the projection map X x U — > X induces a natural pull-back 
map Kf(X) — >• Kf (X x U) = K { ( X x U ] . This clearly factors through a map 



Kf(X) — > K 1 ° v {Xg). In order to show that this induces the isomorphism of II. 5[ 
we only need to show that there is an isomorphism K 1 ° v {Xq) —* f] CH G (X, i) in 

3=0 

view of Theorem 11.61 In view of the non-equivariant Riemann-Roch (cf. [3, Theo- 

f G \ ch ( G \ 

rem 9.1] isomorphism Ki I X x U \ — > CH* I X x U, i J and the compatibility of 



the Chern character with the pull-back map on the higher Chow groups of smooth 
varieties, we now need to show that there is an isomorphism 

(5.8) lim CH* lXxU,i) CH J G (X, i), 

where the inverse limit on the left is taken over the good pairs (V, U). 

Now we choose a sequence (V n , U n ) of good pairs for the G-action on X as in 
f27\ Remark 1.4]. So let W be a faithful representation of G of dimension r and 
put V n = Horn (fc r+n , W). Let S„ C K be the closed subset consisting of those 
linear maps which do not have full rank. It is easy to see that the codimension 
of S n in V n is greater than n for each n > 0, and G acts freely on U n = V n — S n . 
Moreover, the surjection K n+l -» K n gives a natural embedding V n V n+ i which 
takes U n into U n+ \. It follows from loc. cit. then tha t (V n , U n ) is a directed system 
of good pairs. The fact that the inverse limit in 15.81 is taken only over good pairs 
and the higher Chow groups of good pairs are same inside a given range, we see 
immediately from this and from our choice of the sequence (V n ,U n ) that the term 

/ G \ 

on the left in 15.81 is same as lim CH* (X x U n , i ) . Hence it suffices to show that 
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(5.9) 



G 



f n :CH* [X xU n ,i 



>0 CH* a (X, 

j=0 



lai, 



Otr 



f n («i, ■•■,«„, a n+ i, ■■■) 
is an isomorphism. Notice here that the pro-group structure on the right is by 

< ( G 

the projection and for each n, there is an isomorphism CH- X x U n , i 



CHq 1 (X,i) of higher Chow groups up to codimension n by choice of the good 
pairs. To show that 15.91 is an isomorphism of pro-groups, it is equivalent to show- 
ing that for each n, one can find p and a homomorphism g n : CH^ n+p (X,i) — > 



G 



CH* [X x U n ,i) such that the diagram 



(5.10) 



CH* (x x U n+P , iV^-> CH§ n+p {X, i) 



CH* [XxUr,J 




CH§ n (X,i) 



com mute s. But this is done by just taking p = and g n to be the right inverse of 



Proof of Theorem 11.8b Since k is of characteristic zero, G has Levi subgroups. 
Using [TBI Proposition 3.7], we can assume that G is reductive. By [TBI Theo- 
rem 1.2], there is a Chern character map 

(5.11) chl : Kf{X) mL - CH^X^,i) L 

which is an isomorphism. On the other hand, we have shown above that the nat- 
ural map CH* Z (X m ,i) — >Yi CH ] Z (X m , i) is an isomorphism. This finishes the 

3=0 

proof. When L is replaced by k, then the isomorphism of 15. Ill holds for all maxi- 
mal ideals of Rk{G). □ 



6. EQUIVARIANT fT-THEORY WITH FINITE COEFFICIENTS 

This section is mostly independent of th e res t of this papei\ Here we discuss 
the possibility of the analogues of Theorem 11.61 and Corollary 11.71 when the equi- 
variant i^-theory is considered with finite coefficients instead of the rational co- 
efficients. As the reader will observe, this is in a way related to the equivariant 
Quillen-Lichtenbaum conjecture. We demonstrate here that the ordinary Quillen- 
Lichtenbaum conjecture also implies its equivariant counterpart. 
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Let G be a connected reductive group over C acting on a quasi-projective variety 
X. Unlike the previous sections, we do not assume X to be projective. We 
shall denote the analytic space X(C) also by X. Let us recall from [23] (see also 
|21j ) that if X is smooth, the equivariant topological X-theory spectrum of X 
is the spectrum K top (G, X) = G top (G, X) of the bounded Fredholm complexes 
of the topological bundles on X with an action of G which is compatible with 
the G- action on X. For a prime p, the equivariant topological X-theory with 
coefficient Z/p u is the smash product of K top (G, X) with the Moore spectrum 
£°7p". This will be denoted by K top (G, X;Z/p u ). If X is singular, we can 
equivariantly embed X as a closed subvariety of a smooth G-variety Y (since 
G acts linearly) and then let G top (G , X ; Z / p u ) to be the homotopy fiber of the 
map of spectra G top (G, Y; Z/p v ) -> G top (G, Y - X; TLjp v ). It is known (cf. [231 
Section 5.5]) that G top (G, X;Z/p u ) is independent of the choice of the embedding 
X ■=— > Y . The transition from the algebraic vector bundles to the topological 
bundles gives a natural map p x ■ G G (X; Z/p v ) -> G top (G,X;Z/p u ). Also for 

G 

X smooth, the projection map Xq = X x EG — > X gives the pullback map 
K top {G,X;Z/f) -> K top {G,X x EG]Zjp v ) = K top (X G ;Z/p u ), where the last 
term is the ordinary topological X-theory of X^r. The following should be thought 
of as the equivariant version of the Quillen-Lichtenbaum conjecture. 

Proposition 6.1. Let G be a connected algebraic group acting on a smooth quasi- 
projective variety X of dimension d over C and let M be a maximal compact 
subgroup of the Lie group (7(C). Then the natural map 

p x : Kf (X; Z/p") -> (M, X; Z/p") 

is an isomorphism for % > d — 1 and a monomorphism for i = d — 2. 

We write A = Z/j/ and i?(G; A) = R(G)/p u for the rest of this section. We need 
the following result about the ordinary X-theory to prove the above proposition. 

Lemma 6.2. Let X be a complex variety of dimension d. Then the natural map 

Gi (X; A) - G l r (X; A) 

is an isomorphism for i > d — 1 and a monomorphism for i = d — 2. 

Proof. We prove the lemma by the induction on the dimension of X. First suppose 
that X is smooth. It was shown by Suslin (cf. [20, Theorem 4.1]) in this case that 
the lemma follows from the Bloch-Kato conjecture which has now been settled by 
the works of Voevodsky and others (cf. [29], [30]). If X is singular, the isomorphism 
G*(X) = G*(X red ) allows one to assume X to be reduced. 

Now suppose the lemma holds for all varieties whose dimension is less than d. If 
X = Xi U • • • U X r is a union of its irreducible components, we let Z = X2 • • • U X r 
and U = X — Z. Then U is irreducible and Z has smaller number of irreducible 
components. Now the diagram of localization sequence (use J23J Lemma 5.6] with 
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G= 1) 

(6.1) G i+1 (U, A) -> (Z, A) — > Gj (X, A) — > d (U, A) — » G,_! (Z, A) 

Ggi (C/, A) -> Gf p (Z, A) -> (X, A) -»■ Gf (£/, A) -4 (Z, A) 

of the algebraic and topological G-theory and an induction on the number of 
irreducible components reduces the problem to the case when X is irreducible. We 
alert the reader here that the case of i — d — 1, d — 2 needs a more careful use of 
snake lemma in the above diagram but causes no trouble. 

If X is irreducible, there exists a dense open subset U C X which is smooth and 
hence the complement Z = X — U has dimension smaller than d. The diagram 16.11 
above and induction on dimension together with the lemma for the smooth case 
completes the proof. □ 

We recall the following construction before we prove the next result. If G is a 
linear algebraic group acting trivially on a variety X, let Cohx (resp. Coh x ) denote 
the abelian category of coherent (resp. G-equivariant coherent) Ox-modules. Then 
there is a natural exact functor Cohx — * Coh x by letting G act trivially on a 

coherent sheaf T . This gives a natural map of spectra G*(X) A G?(X). bince 
Gf(X) is a module spectrum over the representation ring R(G), we obtain a 
natural map 

(6.2) G,(X)® z i2(G) -»• Gf (X) 

a®p i > p ■ /(a). 

We also have a similar map on the .fT-theory with finite coefficients. 

Lemma 6.3. Let T be a diagonalizable group acting trivially on a complex variety 
X. Then the maps 

(6.3) d (X; A) ® A R(T; A) -> Gj (X; A) , and 

Gf p (X; A) ® A i?(T; A) -> G*° p (T, X; A) 
are isomorphisms of A- algebras. 

Proof. We consider the following commutative diagram of short exact sequences of 

A-modules. 

(6.4) 

-4 Gi(X)/iT® A R{T; A) -4 G* (X; A) ® A i?(T; A) -4 Tor^ (G i _ 1 (X), A) ® A i?(T; A) -> 



> Gf(X)/p» > GJ (X; A) > To4 (Gf_ x (X), A) ► 

The top row is obtained by tensoring the non-equivariant version of the bot- 
tom row with R(T). This row is then exact since R(T) is a flat Z- module. 
The left vertical map is an isomorphism by [251 Lemma 5.6]. Moreover, the 
flatness of R(T) also implies that the last term on the bottom row is same as 
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Tor|(G;_i(X)® z .R(T),A) Tor^ (G ! i _ 1 (X), A) ®iR(T). In particular, the right 
vertical map is an iso morp hism and hence so is the middle vertical map. The 
second isomorphism in l6.3l follows exactly in the same way onc e we know that the 
left vertical map in the topological version of the diagram 16.41 is an isomorphism. 
But this follows from Proposition 2.2]. □ 

Proof of Proposition I6.lt We in fact prove the more general statement that 
for any complex variety X of dimension d with G-action, the map 

(6.5) p x : Gf (X; Z/p") - Gf 9 (M, X; Z/jT) 

is an isomorphism for i > d — 1 and a monomorphism for i = d — 2. 

Following an idea of Thomason, we prove it by reducing it to the case of torus. 
So we first assume that G = T is a torus w hich acts triv ially on X. In this case, the 
proposition follows directly from Lemmas 16.21 and 16.31 using the additional known 
fact that R(T) ^ R(M). 

If T does not act trivially on X, we prove the proposition by the induction on 
dimension of X. First use Thomason's generic slice theorem (cf. [23l Proposi- 
tion 2.4]) to get a dense open T-invariant open set U C X and a diagonalizable 
subgroup 7\ C T with quotient T 2 = T /T\ such that T acts on U via T 2 , which 
in turn acts freely on U such that U/T is a geometric quotient and there is a 
T-equivariant isomorphism 

U ^ U/T xT 2 ^ U/T x T. 

In particular, we have G^(U; A) = (u/Tx T; ^ G^ 1 (U/T; A), where 

the last isomorphism follows from the Morita equivalence (cf. [23, Theorem 1.10]). 
The topological version of the Morita equivalence follows from [2TI Proposition 2.1] 
and the example preceding this in [2]] (see [231 Section 5.3] for more on this). In 

particular, we get G l ° v (M, U; A) ^ G l ° p (M u U/T; A). Since T x acts trivially on 
U/T, the proposition holds for the Ti-action on U/T. Since dim([7) > dim([//T), 
we conclude from the above Morita isomorphisms that the proposition holds also 
for the T-action on U. 

Now we put Z = X — U , use the diagram 16.41 of localization sequences and the 
induction and argue as before to conclude the proof of the proposition when G is 
a torus. 

To prove general case, one can easily reduce to the case when G is reductive. 
Let T be a maximal torus of G and let B be a Borel subgroup of G containing T. 
Choose M as a maximal compact subgroup of G containing a maximal compact 
subgroup M' of T. Then the compactness of G/B implies that G/B = M/M'. 
Then we have maps 

G°; (X; A) - Gl (X; A) ^ (G/B xI;A)^ Gf (X; A) 

Gi op (M, X; A) -> Gf p (M', X; A) ^ G', op (M/M' xI;A)^ Gf p (M, X; A) 

such that they are compatible under p x and both the composite maps are identity 
(cf. [23, Proof of Theorem 5.9]). The proposition now follows from the case of 
torus. □ 
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Corollary 6.4. Let G be a connected algebraic group acting on a smooth quasi- 
projective variety X of dimension d over C. Then the natural map 

Kf (X; Z/p") /o -> Kf p (X G ; Z/p") 

is an isomorphism for i > d — 1 . 

Proof. There are maps 

Kf (X; Z/p") Jo - Kf (X; Z/f) \fT\ a - K? p (X G ; Z/f) 

such that the second map is an isomorphism for all z > by [251 Theorem 3.2]. 
Thus we need to show that the first map is isomorphism for % > d — 1. But this 
follows from Proposition 16.11 and [25| Theorem 5.9]. □ 

The relevance of this result for us comes from the following. Kf^ [Xq \ Z/p v ) 
is described in terms of the equivariant singular cohomology of X with finite co- 
efficients. Elence the above corollary can be thought of as a mod-n analogue of 
Theorem 11.61 in the sense that the completion of the equivariant algebraic mod-n 
K-theory of X with respect to the augmentation ideal of R{G) can be described 
in terms of the equivariant motivic cohomology with finite coefficients. 
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